Abstract. Local finiteness is proved for groups of exponent dividing 72 with no elements of order 6.
(d) G is a 2-group or a 3-group.
In (a)-(c), G is soluble of length at most 4.
Here O p .G/, where p is a prime, is defined as the largest normal p-subgroup of G. A group B acting on a non-trivial group A is said to be acting freely on A if a b ¤ a for every a 2 A n ¹1º and every b 2 B n ¹1º. A 2-group Q is called locally quaternion if every finite subset of Q is contained in a finite subgroup of Q isomorphic to a generalized quaternion group. Note that an infinite locally quaternion group is isomorphic to a group In the general case we manage to prove local finiteness under some additional conditions. Theorem 1.3. Let G be a ¹2; 3º-group without elements of order 6.
(1) If G contains a non-trivial normal p-subgroup (p D 2 or 3), then either G is locally finite, or G is a p-group, or G is an extension of a nilpotent 2-group of class 2 by a 3-group which contains a unique subgroup of order 3.
(2) If G contains an involution and no elements of order 27, then either G is locally finite, or G is an extension of a simple non-abelian group by a 2-group.
Note also that there exist groups G with .G/ D ¹2; 3 n º that are not locally finite, where n > 7 (see [3, 14] ), and .G/ D ¹2 m ; 3º, where m > 54 (see [9] ).
We say that a periodic group G is 3-isolated if and only if !.G/ D ¹3º [ w 0 , where none of the numbers in w 0 is divisible by 3. Theorem 1.4. Let G be a 3-isolated group. Then one of the following statements holds:
(1) G is an extension of a non-abelian simple group by a 3 0 -group.
(2) G is an extension of a non-trivial 3-group of exponent 3 by a 3 0 -group.
(3) G is an extension of a nilpotent group of class 2 by a subgroup of S 3 .
(4) G D NA where A is isomorphic to A 5 ' SL 2 .4/ and N is the direct product of subgroups of order 16 every one of which is invariant in G and isomorphic to the natural SL 2 .4/-module of dimension 2 over a field of order 4.
Notation and known facts
We say that a group G has period n if the identity x n D 1 holds whenever x 2 G. The minimal n with this property is called the exponent of G. For a periodic group G denote by n .G/ the set of its elements of order n. Elements of 2 .G/ will be called involutions. Let .G/ D ¹x 2 j x 2 4 .G/º.
Let a be an automorphism of a group G. If there exist integers m and n such that g a 2 .g a / m g n D 1 for all g 2 G then a is said to be a quadratic automorphism of G.
If the order of a is s and gg a : : : a a s 1 D 1 for all g 2 G, then a is said to be a splitting automorphism of G.
Lemma 2.1 (V. P. Shunkov [13] ). If a periodic group G contains an involution t with finite centralizer C G .t /, then G is locally finite. The next result is well known.
then G is isomorphic to the symmetric group S 3 of degree 3, the alternating group A 4 of degree 4 or the symmetric group S 4 of degree 4 respectively. Lemma 2.4 ([15, Lemma 6], [11] ). Suppose that a group X possesses a splitting automorphism of order 3. Then X is nilpotent of class at most 3 and the order of every non-trivial element of OEOEX; X ; X equals 3. In particular, if a group of order 3 acts freely on a finite group X, then X is nilpotent of class 2. Lemma 2.7 ( [7] ). Suppose that a group G contains a subgroup X of order 3 such that C G .X/ D hXi. If for every g 2 G the subgroup hX; X g i is finite, then one of the following holds:
(1) G D N N G .X/ for a periodic nilpotent subgroup N of class 2 and NX is a Frobenius group with core N and complement X.
(2) G D NA where A is isomorphic to A 5 ' SL 2 .4/ and N is a normal elementary Abelian 2-subgroup; here N is a direct product of subgroups of order 16 that are normal in G and isomorphic to the natural SL 2 .4/-module of dimension 2 over a field of order 4.
In particular, G is locally finite.
3 Proof of Theorem 1.1
Let G be a group with .G/ D ¹8; 9º. Our goal is to prove that G is locally finite. Suppose the contrary, i.e. G is not locally finite. Proof. The group K D hx; t; ui is a homomorphic image of one of the groups
Proof. Consider a group
Computations in GAP ( [2] ) show that we have jK.8; 8/j D 4, K.9; 9/ D 1 and K.8; 9/ ' K.9; 8/ ' S 4 . Therefore K is a homomorphic image of the group S 4 . On the other hand, jKj is divisible by 3 and 4, hence K ' S 4 . 
Computations in GAP show that the order of any of these groups is at most 24.
On the other hand, the mapping a ! x, b ! x v , c ! t , d ! w can be extended to a homomorphism of one of these groups onto hx; x v ; t; wi whose order is divisible by 36 D 9 4. That contradiction proves the lemma. 
Besides, for some l; r; s 2 ¹8; 9º the following properties hold:
GAP computations show that the order of a group with such properties is at most 2. Thus .tx/ 8 ¤ 1 and hence
Since .tx 1 / 3 D t t x t x 2 D t uv, we get .t uv/ 3 D 1. In the group K D ht; tuvi by Lemma 3.3, the equation Proof. By Lemmas 3.3 and 3.4, the group ht; u; xi satisfies the properties Proof. Suppose that a; b 2 . By Lemma 3.6, OEa; b commutes with every element of and thus belongs to the center of P . Therefore P =Z.P / is Abelian and P is nilpotent of class 2. Since P is generated by involutions, it has period 4. The lemma is proved.
It is clear that the set !.G=P / contains elements of orders 3 and 2 and is distinct from !.G/. By Lemma 1.5, G=P is locally finite. In this case G is locally finite as well. Theorem 1.1 is proved.
Proof of Theorem 1.2
Let G be a locally finite ¹2; 3º-group without elements of order 6. Suppose also that G contains elements of orders 2 and 3. The goal of this section is to prove that one of the cases (a)-(c) of Theorem 1.2 holds.
Suppose first that G is finite. By Lemma 2.2, G is soluble. If P D O 2 .G/ ¤ 1, then a Sylow 3-subgroup of G acts freely on P , therefore it is cyclic and P is nilpotent of class 2 by Lemma 2.4. It is clear that (b) or (c) holds.
If
G/ is a Sylow subgroup of G acted freely by a Sylow 2-subgroup T . In particular, T contains a unique involution which inverts P . Thus P is Abelian and T is a cyclic or a quaternion group, i.e. (a) holds.
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Suppose now that G is infinite. As has already been proved, each of its finite subgroups containing elements of orders 2 and 3 is soluble of degree 4. Therefore G is also soluble of degree 4 and in particular O p .G/ ¤ 1 for some p 2 ¹2; 3º.
Let O 2 .G/ ¤ 1. Since a Sylow 3-subgroup of G acts freely on O 2 .G/, the group O 3 .G=O 2 .G// is locally cyclic and j.G=O 2 .G//=O 3 .G=O 2 .G//j 6 2:
In this case one of the cases (b), (c) of the theorem holds.
If O 3 .G/ ¤ 1, then a Sylow 2-subgroup of G acts freely on O 3 .G/ and thus contains a unique involution. Hence O 3 .G/ is Abelian,
and the case (a) of the theorem holds. Theorem 1.2 is proved.
Proof of Theorem 1.3
(1) If p D 3 and G is not a 3-group, then G=O 3 .G/ is a (locally finite) 2-group with a unique involution and O 3 .G/ is Abelian. In particular, G is locally finite.
Suppose that p D 2 and G is not a 2-group.
is an element of order 3 in G, then x induces a quadratic automorphism in V and hence hx; x g i is a finite group for every g 2 G. By Theorem 1.2, H D hx; x g iV is an extension of a 2-group U by hxi and OEv; u; u D 1 for every u 2 U , v 2 V . This means that OEv; u 2 D 1 and hence u 2 2 V . Thus H=V is of order 3 or isomorphic to A 4 . By [8, Theorem 1] , hx G iV =V is an extension of a 2-group by hxi and hence hxiV E G. If G n V contains an involution, then G=V is an extension of a locally cyclic 3-group by a group of order 2 and hence G is locally finite.
(2) Let N be a non-trivial normal subgroup of G. If G n N contains an element of order 3, then by Lemma 2.4, N is nilpotent and according to (1) , G is locally finite.
Suppose that G is not locally finite and S is the intersection of all normal subgroups N of G such that G=N is a 2-group. If S is a non-trivial 3-group and G=S is also not trivial, then any involution of G inverts S and G=S contains a unique involution. In particular, G is locally finite.
Suppose that S is non-trivial and not a 3-group. Obviously, S is generated by elements of order 3. If N is a proper non-trivial normal subgroup of S , then S n N contains an element of order 3 and the same arguments as above show that N is nilpotent of class 2. So G contains a non-trivial nilpotent normal subgroup hN G i and by (1) is locally finite. Therefore S is a simple non-abelian group and G=S is a 2-group. The theorem is proved.
Proof of Theorem 1.4
Let G be a 3-isolated group. First, suppose that N D O 3 .G/ ¤ 1. If all 3-elements of G are contained in N , then G=N is a 3 0 -group, i.e. (2) holds. Suppose that GnN contains an element x of order 3 and prove that this is impossible. Without loss of generality, we can assume that N is an elementary Abelian 3-group and G=N acts faithfully on N by conjugation in G.
Since N hxi is a group of exponent 3, x induces a quadratic automorphism in N . By the definition of N there exist elements y and z of order 3 such that hz; yi is not a 3-group. By Lemma 2.6, the center of hz; yi contains an involution which is impossible.
Let N be the largest normal 3 0 -subgroup of G. Suppose that N ¤ 1. By Lemma 2.4, N is nilpotent. We will prove that in this case G is locally finite. We can assume that N is Abelian. If x is an element of order 3 in G, then x induces in N a quadratic automorphism and hence hx; x g i is finite for every g 2 G. Since C G .x/ is a 3-group of exponent 3 acting freely on N , it follows that C G .x/ D hxi. By Lemma 2.7, G is locally finite and one of the cases (3)- (4) holds. Now suppose that G does not contain any non-trivial 3-or 3 0 -subgroups. If N is a non-trivial normal subgroup of G such that there exists an element x of order 3 which does not belong to N , then N is nilpotent by Lemma 2.4 and we are back to one of the considered cases. So suppose that every non-trivial normal subgroup of G contains all elements of order 3 of G. Let M be the intersection of all normal subgroups N of G such that G=N is a 3 0 -subgroup. Then M is simple, as above, and the case (1) holds. The theorem is proved.
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